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    Using factorization, we can put the equation into (x + a)(x2 +b) = ab-c  form (standard form)
 

1. If ab - c = 0 
That means (x + a)(x2 +b) = 0   By equaling each factor to zero, we can find all roots. They are:
 
 x1,2 =   
[image: image2.wmf]b

-

±

   and  x3 = -a    In that case, the equation has two symmetric  roots. 
 

EXAMPLE: Solve    x3 + 4x2 +9x + 36 = 0  

SOLUTION  

 

          ab - c = 4.9 - 36 = 0   So  (x +4)(x2+9) = 0   

 Roots are :   x3 = - 4     

                   x1  =  
[image: image3.wmf]9

-

= 3i  and  x2  = -3i  

   Roots are : - 4 , -3i , 3i  
 

2. If ab–c ( 0 
    Using standard form of the equation,  we can easily find integer roots of the equation with its signs by replacing perfect square numbers ( 1, 4, 9 ,16 ,… ) for x2  in  the standard form of equation.
  
  EXAMPLE : Find the roots of   x3-5x2-2x +24 = 0  

 

   SOLUTION  
We put x3-5x2-2x +24 = 0 into the form (x2-2)(x-5) = -14  

 
After that, we replace  1, 4, 9 ,16 ,… for  x2
 

i. For  x2 = 1  ,   (x2-2)(x-5) = -14    

                         (1-2)(x-5) = -14   

                            -1.(x-5) = -14  

                                  x-5  = 14 ,   

                                     x = 19   can’t be a root.  

 

ii.  For x2 = 4    (4 – 2)(x – 5) =  -14   

                               2(x – 5) = -14       

                                  x – 5 = -7    and   x = -2  

 

      x = -2 is one of the roots of the equation    

 

  We can find other roots of the equation by dividing the equation with x+2 or using same method.

    iii.  For x2 = 9  :   (9 – 2).(x – 5) = -14 , 

                                              7.(x – 5) = -14   

                                                   x – 5 = -2   

                                                         x = 3  

 

    iv. For x2 =16 third root x = 4,  roots are  : -2, 3 ve 4

 

 
3. The discriminator of the equation 
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   We will find the extreme’s of the y = 
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  in order to find the discriminator of the equation,
 

 The differential of y is y ’  = 3x2 + 2ax + b   
The roots of  y ’  = 3x2 + 2ax + b = 0  are     x ’1,2 =  
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That roots will define the extreme’s, so we must study on the existence of the roots. To do this, we examine the sign of a2 – 3b
 

  
i.  In case  a2 – 3b < 0   

  y =
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 has not got any extreme.
 In that case, y  is always rising.
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 As a result of this, y can intersect the x axis only at one point. That is, the equation has only one real root.

ii. In case a2 – 3b = 0 , we write a2 = 3b  and find x ’1 =  
[image: image8.wmf]3

a

-

  
In that case the equation has no extreme
We will search the value ( y1 ) of the equation by putting
 x =
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 into y    
 y = 
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      By putting 3b for a2 , we get  y1 = 
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As a result of this, we can say “ if  9c-ab = 0 and a2 – 3b = 0 at the same time,            x = 
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 will be the only root of the equation.”
 

 
iii.  In case a2 – 3b  > 0 , y ’ = 0 has  two different roots like x ‘1 and x ‘2      
                                                                             

The sign table of the equation                                                       
    
    We will search maximum and minimum values ( y1 and y2 ) of the equation   by putting
 x ’1,2 =
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 into y    

 

 

According to the signs of y1 and y2, we have three situations.  
 
 

a. In case y1.y2 < 0 , the equation has three real roots. Examine following drawings.    


 

 
b.  In case y1.y2 > 0, the equation has only one real root. Examine following drawings.    




  

iii.  In case y1.y2 = 0 , the equation has three roots of which two are equals. 

 

 

Let’s find y1.y2  

 

 

If we replace  x1 =  
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    for x  in   y = 
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y1 = 
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If we put x2 =   
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       for x into   y,  we find

 

 

y2 =  
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Now we can find     y1.y2  

 

y1.y2  =   
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if we multiply  y1.y2  by      

 

 we find 
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 =   a2 – 3b - 
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as the discriminator of the equation.     

 
     Now we try to find the roots of third degree equation which has two equal roots.

Let‘s assume that the roots of the third degree equation be x1=x2 and x3 
Then the equation will be 
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a = 
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b = 
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a2 – 3b = 
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ab-9c = -2x2(
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)  and  we find
x2 = x3 =  
[image: image29.wmf])
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    and  x1 = - a + 
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SUMMARY

The roots of 
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1.  If  a2 – 3b < 0  then  
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  has only one real root.
 

 2.     If a2 – 3b = 0  and ab – 9c = 0 then  
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  has 3 equal roots.    

        Namely   x1 = x2 = x3 = -a/3  

3.       If   a2 – 3b > 0   then  
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 =  a2-3b - 
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      is the discriminator of 
the equation 
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In that case
                             i.   If  
[image: image37.wmf]D

 > 0  , the equation has three different roots

 

                            ii.   If    
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 = 0 ,  the equation has three roots of which two are     equal. The roots are :

                                             x2 = x3 =  
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                                                  x1 = - a + 
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                           iii.  If  the discriminator is negative,   the equation has one real   root.

Summary Table
	The roots of 
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	Only one root

(Three equal roots)
	i. a2 – 3b < 0    

ii.  a2 – 3b > 0   and   
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 =  a2-3b - 
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< 0      
iii. a2 – 3b = 0  
Additionally  if ab – 9c = 0 then x1 = x2 = x3 = -a/3  



	Three roots whose two of them are equal
	 a2 – 3b > 0   and 
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 =  a2-3b - 
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 = 0     
 x2 = x3 =  
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 x1 = - a + 
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	Three different roots
	a2 – 3b > 0   and 
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 =  a2-3b - 
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 EXAMPLES

 

1.  Solve x3- x2 - 8x +12 = 0   

 

a2-3b = (-1)2 –3(-8) = 25    

 

ab – 9c = (-1).(-8)- 9.12 = - 100 

 

 
= 25 – 25 = 0    

 

Roots are :

 

     x1  = x2 = 100/50 =2      

    x3 =  - (-1) + -100/25 = -3       

 

 

2.     x3- x2-10x - 8 = 0 

 

a2 – 3b = 31>0 

ab – 9c = 82  

 

The discriminator of x3- x2-10x - 8 = 0   is greater than zero. At the same time a2 – 3b is positive, so the equation has 3 different roots.

 

We can find integer roots of equation by putting 1 , 4 , 9 , 16 , ... for  x2
0
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